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This paper presents a simulation to actively control transverse vibration of a flexible rotor shaft system mounted

on amoving vehicle (e.g., a ship or an aircraft). Discretizing the rotor continuumwith beam finite elements, equations

of motion are written with respect to a noninertial frame attached to the frame of the moving vehicle. Such equations

are linear but contain time-varying parametric terms due to the motion of the carrier vehicle. Through numerical

simulation, it is shown that the transverse response in the bending vibration of the rotor shaft relative to the

supporting structure is significantly influencedby the inertia force, aswell as theparametric excitations due to vehicle

motion. A control strategy is proposed using an electromagnetic actuator placed at a suitable location along the span

of the rotor, and it is found extremely useful in reducing the vibration of the rotor and improving its stability.

Examples are given in support by studying both the uncontrolled and the controlled motion of a rotor shaft system

carried by an aircraft undergoing two different kinds of maneuvers.

Nomenclature

Ap = area of each pole face in the electromagnet, m2

�C�D, �C�eS = matrix to account for the Coriolis component
of the acceleration for a disc and of a shaft
finite element, respectively

�D� = assembled matrix coefficient to the global
velocity vector of the system

�D�ac = augmented matrix for the system due to
damping provided by the electromagnetic
actuator

�D�brg = augmented matrix for the system due to
bearing damping

De
S = Rayleigh dissipation function for a shaft finite

element due to the viscous form of internal
material damping

E = Young’s modulus, Pa
e = unbalance eccentricity, m
FY , FZ = linearized components of resultant

electromagnetic force provided by the actuator
along the Y0 and Z0 directions, respectively, N

ffg = global load vector for the rotor-shaft-bearing
system

�G�D, �G�eS = gyroscopic matrices due to a disc and a shaft
finite element, respectively

g = acceleration due to gravity, m=s2

g0 = nominal radial air gap between a pole face and
the rotor surface, m

H = maximum fall in height of the aircraft during
dive, m

I = area moment of inertia of the shaft cross
section about the neutral axis, m4

Ip, Id = polar and transverse mass moments of inertia
of a disc, respectively, kg �m2

icY , icZ = control current in the coils around the
electromagnet poles aligned along the Y0 and
Z0 directions, respectively, A

ip, id = polar and transverse mass moments of inertia
for per unit length of the shaft, respectively,
kg �m

i0 = bias current, A

�K� = assembled matrix coefficient to the global
degrees of freedom vector of the system

�K�ac = augmented matrix for the system due to the
stiffness effect provided by the electromagnetic
actuator

�K�brg = augmented matrix for the system due to
bearing stiffness

�KB�eS = stiffness matrix of a shaft finite element due to
bending

�KC�eS = circulatory matrix of a shaft finite element due
to internal material damping

�Kpxx�D = matrices for a disc associated with the
parametric stiffness effect due to the motion of
the rotor base

�Kpxx�eS = matrices for a shaft finite element associated
with the parametric stiffness effect due to the
motion of the rotor base

kg = power amplifier gain, A=V

ki = force-current factor of the electromagnetic
actuator, N=A

kmag = magnetic exciter constant

kp = position feedback gain, V=m

kS = force-displacement factor of the
electromagnetic actuator, N=m
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kv = velocity feedback gain, V � s=m
l = length of a shaft finite element, m
�M� = assembled inertia matrix for the rotor-shaft-

bearing system
�M�D, �M�eS = inertia matrices for a disc and a shaft finite

element, respectively
�MR�D, �MR�eS = rotary inertia matrices for a disc and a shaft

finite element, respectively
�MT �D, �MT �eS = translatory inertia matrices for a disc and a

shaft finite element, respectively
m = mass per unit length of the shaft, kg=m
mD = mass of a disc, kg
mU = point mass equivalent to the unbalanced mass

placed at the outer radius of the disc, kg
N = number of coil turns around a pair of actuator

poles
fQgbrg = load vector due to the force exerted by the

bearing on the rotor shaft system
fQgC = augmented control force vector

fQgD, fQgeS = external load vector for a disc and a shaft finite
element, respectively

fqg = global degrees of freedom vector for the rotor-
shaft-bearing system

fqgD, fqgeS = degrees of freedom vector associated with a
disc and shaft finite element, respectively

�R = position vector of the origin of the reference
frame Fb, fixed to the rotor base, relative to the
inertial frame of reference, m

�rC = position vector of any generic point C on the
shaft axis, relative to the inertial frame of
reference, m

fSxxgD = vectors associated with the inertia force acting
on a disc due to the motion of the rotor base

fSxxgeS = vectors associated with the inertia force acting
on a shaft finite element due to the motion of
the rotor base

T D, T e
S = kinetic energy of a disc and a shaft finite

element, respectively, J
T U = kinetic energy associated with an unbalanced

mass, J
t = time, s
ua = component of absolute displacement of a

generic point C on the shaft axis, measured
along the axis OXb of the frame Fb, fixed to
the rotor base, m=s

UD, UeS = potential energy due to gravity of a disc and a
shaft finite element, respectively, J

V = forward speed of the vehicle (e.g., aircraft), m=s
�VC = absolute velocity of a generic point C on the

shaft axis, m=s
�VU = absolute velocity of an unbalanced mass, m=s

Vbjb = components of the absolute velocity of the
origin of the frame Fb, fixed to the base, along
the OXb, OYb, and OZb axes, respectively
(j� X, Y, Z), m=s

VGj0 = components of the absolute velocity of the
center of mass of the vehicle (e.g., aircraft)
along the OX0, OY0, and OZ0 axes,
respectively (j� X, Y, Z), m=s

VeS = strain energy of a shaft finite element, J

v = component of displacement of a generic point
on the shaft axis, along the direction of the Yb
axis, m

va = component of absolute displacement of a
generic point C on the shaft axis, measured
along the axis OYb of the frame Fb, fixed to
the rotor base, m

w = component of displacement of a generic point
on the shaft axis, along the direction of the Zb
axis, m

wa = component of absolute displacement of a
generic point C on the shaft axis, measured
along the axis OZb of the frame Fb, fixed to
the rotor base, m

x = coordinate of a generic point along the length
of the shaft, m

xbb = components of �R along the axis OXb of the
reference frame Fb, fixed to the rotor base, m

Gx
b = coordinate of the origin of the frame Fb, fixed

to the rotor base, with respect to the center of
mass of the vehicle, measured along the
direction of OXb, m

ybb = components of �R along the axis OYb of the
reference frame Fb, fixed to the rotor
base, m

Gy
b = coordinate of the origin of the frame Fb, fixed

to the rotor base, with respect to the center of
mass of the vehicle, measured along the
direction of OYb, m

zG0 = coordinate of the center of mass of the aircraft
along the OZ0 axis, m

zbb = components of �R along the axis OZb of the
reference frame Fb, fixed to the rotor base, m

Gz
b = coordinate of the origin of the frame Fb, fixed

to the rotor base, with respect to the center of
mass of the vehicle, measured along the
direction of OZb, m

z0 = coordinate of the generic point C on the shaft,
along Z0 axis, m

� = half of the angle subtended by a pair of
adjacent poles at the center of the rotor section,
rad

�P = angle of pitching, rad

B = rotation of the shaft cross section due to
bending about the horizontal direction
perpendicular to the shaft axis, at a generic
location on the shaft, rad

�Y = angle of yaw, rad

� = rotation of the shaft cross section due to
bending about the vertical direction
perpendicular to the shaft axis, at a generic
location on the shaft, rad

� = orientation of a generic fiber in the shaft cross
section relative to the spin-synchronized
reference frame, rad

�R = angle of rolling, rad

�U = phase angle of the unbalance eccentricity with
respect to a horizontal transverse direction of
the rotor, rad

"̂j0 = unit vector along the coordinate axes of the
inertial reference frame, F0 (j� X, Y, Z)

"̂jb = unit vector along the coordinate axes of the
frame Fb, fixed to the rotor base (j� X, Y, Z)

"̂jS = unit vector along the coordinate axes of the
frame FS, fixed to a generic point of the rotor
shaft system (j� X, Y, Z)

�v = coefficient of the viscous form of the internal
material damping of the shaft, s

� = twice the length of the path over which the
aircraft dives, m

�0 = absolute magnetic permeability of free air

� = radius of the curvature of the path along which
the vehicle negotiates a turn, kg=m3

��C = position vector of a generic point C on the
shaft axis, relative to the origin of the
coordinate system attached to the frame Fb,
fixed to the rotor base, m

� = angle of spin for the rotor, rad
��� = shape function matrix
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 i = shape functions for a Rayleigh beam finite
element (i� 1, 2, 3, 4)

� = spin speed, rad=s
��b = absolute angular velocity vector of the rotor

base, rad=s
�b
jb

= components of ��b along the OXb, OYb, and
OZb axes, respectively (j� X, Y, Z), rad=s

�b
jS

= components of ��b along the OXS, OYS, and
OZS axes, respectively (j� X, Y, Z), rad=s

b
��S = relative angular velocity vector of the cross

section of the rotor shaft normal to the elastic
line at a generic point C, with respect to the
base, rad=s

b�
S
jS

= components of b ��
S along the OXS, OYS, and

OZS axes, respectively (j� X, Y, Z), rad=s
�! = absolute angular velocity vector of the cross

section of the rotor shaft normal to the elastic
line at a generic point C, rad=s

!jS = components of �! along the OXS, OYS, and
OZS axes, respectively (j� X, Y, Z), rad=s

!DjS = components of �!D along the OXS, OYS, and
OZS axes, respectively (j� X, Y, Z), rad=s

�!D = angular velocity vector of the disc, rad=s

I. Introduction

ROTOR-SHAFT-BEARING systems (e.g., the gas turbine rotors
of aeroengines, rotors of ship propulsion systems, rotors of

generators carried in locomotives, etc.) may be classified as those
working on moving bases and are subjected to inertia forces as well
as parametric excitations due to the change of velocity under different
maneuvering conditions in addition to other usual excitations.
Studies in [1–12] primarily concentrated on finding the dynamic
response of rotor-bearing systems due to seismic excitations. Influ-
ence of gyroscopic and Coriolis effects due to base rotation on the
rotor response were particularly studied in [5,6]. Samali et al. [8]
obtained the response of a rigid rotor on flexible bearings, con-
sidering the effect of parametric excitation caused by the rotation of
the base. Su et al. [10] investigated seismic response of rotating
machines, either rigidly attached to the floor or isolated by using a
resilient-friction base isolator (RFBI). A response-spectrum-based
approach was developed by Bachelet et al. [12] to investigate the
dynamic behavior of an asymmetric rotor under random base
excitation. Brown and Shabana [13] applied the principles of multi-
body dynamics to derive the equations of motion for flexible rotating
shafts, in which coupling between base motion and deformation of
the shaft was examined numerically, and the effect of the support
motion on the dynamics of the shaft was discussed. Lin and Meng
[14] studied the dynamics of a rotor carried within a maneuvering
aircraft. Response of a single-disc rotor, running at a constant spin
speed and constant angular acceleration, was determined numeri-
cally for maneuvering aircraft in a single vertical plane. Influence of
aircraft flight parameters (i.e., aircraft velocity, acceleration, and
flight path) on the rotor response was also investigated. Recently,
Duchemin et al. [15] presented analytical as well as experimental
studies on the dynamic behavior of a flexible rotor subjected to
sinusoidal rotation of the support. Themethod of multiple scales was
applied to identify the zones of instability of the rotor shaft system
due to the presence of time-varying terms in the stiffness matrix.
Driot et al. [16] reported studies with numerical as well as
experimental verifications, in which the method of normal form was
used to analytically examine the dynamics of a parametrically
excited rotor.

Although situations inwhich rotor shaft systems are acted upon by
inertia forces due to base motion are very common, a few reports
were found to deal with the strategies to attenuate the rotor vibration
initiated by such excitations. Cole et al. [17] reported the use of active
magnetic bearings (AMBs) to attenuate the lateral vibration of a rotor
under excitations due to mass unbalance and an initial impact at the

base; however, the equations were derived with respect to a fixed
reference frame. Matsushita et al. [11] showed the efficiency of an
AMB with a feedforward control strategy to mitigate the rotor
vibration under simulated seismic excitation. Keogh et al. [18] pro-
posed a combined wavelet–H1 controller to attenuate the transient
vibration and transmitted forces caused by unbalance and base
motion.

This work presents a scheme and simulation results on actively
controlling transverse rotor vibration of a flexible rotor with respect
to the floor of amaneuvering vehicle, such as an aircraft in flight. The
control action is applied by placing an actuator (consisting of four
electromagnetic exciters of two poles each), reported by Nighil et al.
[19] after following Janik and Irretier [20,21], integrally with the
rotor base at a suitable location away from the bearings. The actuator
generates a control force on the rotor section, proportional to the
distance of the section from the poles and its time rate, over an air gap
along two perpendicular directions on the rotor section. The actuator
does not levitate the rotor or facilitate the bearing action, as it is
supported on conventional bearings. Das et al. [22] studied the
efficacy of such an actuator and its placement on controlling the
unbalanced response of a flexible rotor and its stability. However, the
influence of base excitation was not taken into account. Equations of
motion of the rotor continuum, discretizedwith beamfinite elements,
are written with respect to the moving reference frame after con-
sidering the gyroscopic effect and internal damping of the rotor
material. Numerical simulations are carried out to study the effec-
tiveness of the electromagnetic actuator in actively controlling the
transverse response of a flexible rotor shaft relative to the moving
base. It has been observed that the actuator reduces flexural vibration
of the rotor relative to the rotor base remarkably and, at the same time,
safeguards the rotor against the onset of instability due to internal
material damping. However, the mathematical analysis of stability
due to parametric excitation (investigated by Das [23]) has not been
addressed here to keep the paper short. With the same numerical
model, further studies may be carried out to investigate the rotor
response andmeans of its attenuation undermore complicated condi-
tions ofmaneuver, likeDutch roll, phugoid, and short period pitching
mode for aircraft, as well as pitching and rolling of marine vessels.

II. Equations of Motion

A. Reference Frame and Kinematics

To derive the equations of motion of the flexible rotor-shaft-
bearing system mounted on a maneuvering vehicle, the following
three sets of coordinate axes are considered attached to three different
reference frames (Fig. 1):

1) X0–Y0–Z0 is fixed to the inertial frame of reference (F0).
2) Xb–Yb–Zb is fixed to the rotor base (frame Fb), which in turn is

fixed to the frame of the vehicle and, with the origin, coincident at the
location of one of the bearings (e.g., the left bearing).

3) XS–YS–ZS is fixed to the rotor shaft at a generic point, rotating
with it (frame FS). The shaft axis is directed along XS.

The position vector of any generic point C, situated on the shaft
axis at a distance of x from the origin of the base-fixed coordinate
system, is defined as

�r C�x� � �R� ��C (1)

�R is the absolute position vector of the origin of the base-fixed frame
Fb, and ��C is the position vector of point C from the origin of the
coordinate system attached to the frame Fb. Considering that the
rotor shaft is sufficiently rigid in axial direction when compared with
the transverse direction, ��C is expressed as

�� C�x� � x"̂Xb � v�x�"̂Yb �w�x�"̂Zb (2)

where "̂jb �j� X; Y; Z� are the unit vectors along the directions of
OXb, OYb, and OZb, respectively. Components of the transverse
deflection due to bending of the elastic line of the shaft relative to the
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base along theOYb andOZb axes are v�x� andw�x�, respectively. To
discretize the rotor shaft continuum, two-node Rayleigh beam finite
elements (shown in Fig. 2) [24] are used. The degrees of freedom are
given by the vector:

fqgeS � � v1 w1 B1 �1 v2 w2 B2 �2 �T (3)

The relative transverse displacement components of a point on the
shaft elastic line within the element are interpolated as

� v w �T � ���fqgeS (4)

Similarly, slopes of the elastic line relative to the rotor base at a point
within the shaft finite element are interpolated as

�B � �T � ��w0 v0 �T � 0 �1
1 0

� �
��0�fqgeS (5)

Elements of the shape function matrix ��� are given in the Appendix.
The absolute velocity of the point C is given by

�V C � _�R� ��b 	 ��C � � _v"̂Yb � _w"̂Zb� � _ua"̂Xb � _va"̂Yb � _wa"̂Zb
(6)

where _ua, _va, and _wa [expressed in Eqs. (7)] are the absolute velocity
components of the point C along OXb, OYb, and OZb, respectively,
and ��b is the absolute angular velocity vector of the rotor base:

_ua � �VbXb ��b
Yb
w ��b

Zb
v�

_va � �VbYb ��b
Xb
w��b

Zb
x� _v�

_wa � �VbZb ��b
Xb
v ��b

Yb
x� _w�

9=
; (7)

In the previous expressions,Vbjb�j� X; Y; Z� are the components of

the absolute velocity of the origin of Fb along the OXb, OYb, and
OZb axes, respectively, and are evaluated from the velocity com-
ponents of the vehicle and the coordinates of the origin of the frame
Fb with respect to some reference point inside the vehicle (e.g., the

center of mass of the vehicle). The components of vector ��b along
OXb, OYb, and OZb are denoted as �b

jb
�j� X; Y; Z�.

The absolute angular velocity vector of the cross section of the
rotor shaft normal to the elastic line at point C is given by

�!� ��b � b
��S � !XS "̂XS � !YS "̂YS � !ZS "̂ZS (8)

where "̂jS�j� X; Y; Z� are the unit vectors and !jS�j� X; Y; Z�
(given in the Appendix) are the components of �!, along the OXS,
OYS, andOZS axes, respectively. The angular velocity vector of the
cross section at point C relative to the base b ��

S is given by

b
��S � b�

S
XS
"̂XS � b�

S
YS
"̂YS � b�

S
ZS
"̂ZS (9)

where

b�
S
XS
� _� � _� sin B

b�
S
YS
� _� sin� cos B� _B cos�

b�
S
ZS
� _� cos� cos B � _B sin�

9>=
>; (10)

In the previous expressions, _� and _B are the rates of change of the
slopes of the elastic line at point C relative to the base along theOYb
and OZb axes, respectively,� is the spin speed of the rotor, and t is
the time elapsed.

B. Equations of Motion for a Rotor Disc Element

The expression of kinetic energy of a rotor disc situated at a
distance of xD from the origin of Fb (as shown in Fig. 1) is given by

Fig. 1 Rotor-bearing system on moving base with different coordinate systems.

Fig. 2 Rayleigh beam finite element.
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T D � 1
2
mD� _u2a�xD� � _v2a�xD� � _w2

a�xD�� � 1
2
�IP!2

XS
�xD�

� IDf!2
YS
�xD� � !2

ZS
�xD�g� � 1

2
�mD� _v2D � _w2

D�

� Id� _B2
D � _�2

D�� � � _���b
Xb
�Ip _�DBD

��b
Xb
�mD� _vDwD � vD _wD� � Id� _BD�D � BD _�D��

� 1
2
�b2

Xb
�m�v2D �w2

D� � id�B2
D � �2

D��

� 1
2
�b2

Zb
�mDv

2
D � IpB2

D� � 1
2
�b2

Yb
�mDw

2
D � Ip�2

D�
��b

Yb
�b
Zb
�mDvDwD � �Ip � Id�BD�D�

��b
Zb
�mDxD _vD � Id _�D� ��b

Yb
�mDxD _wD � Id _BD�

�mD�VbYb _vD � V
b
Zb

_wD� ��b
Xb
�b
Yb
�mDxDvD � �Ip � Id��D�

��b
Xb
�b
Zb
�mDxDwD � �Ip � Id�BD� �mD��VbXb�

b
Zb

� VbZb�
b
Xb
�vD � �VbXb�

b
Yb
� VbYb�

b
Xb
�wD� � _�Ip��b

Zb
BD

��b
Yb
�D� � 1

2
�Id��b2

Yb
��b2

Zb
� � Ip� _���b

Xb
�2�

� 1
2
mD�Vb

2

Xb
� Vb2Yb � V

b2

Zb
� 2xD�VbYb�

b
Zb
� VbZb�

b
Yb
�

� x2D��b2

Yb
��b2

Zb
�� (11)

In the previous equation, vD andwD are the transverse displacement
components of the shaft relative to the rotor base along theOYb and
OZb axes, and BD and �D are the respective slopes of the elastic line
of the shaft relative to the base in the Xb–Zb plane and the Xb–Yb
plane at the disc location. The vector fqgD � � vD wD BD �D �T
represents the degrees of freedom at the disc node. The disc mass and
the transverse and polar mass moments of inertia are denoted bymD,
Id, and Ip, respectively.

To account for the potential energy due to disc weight, the
relationship between the unit vector along the Z0 axis of the inertial
reference frame and the unit vectors of the base-fixed coordinate
system (Fb) has to be found. For this purpose, it is assumed that the
instantaneous configuration of the vehicle (hence, of the rotor base)
can be reached through three successive Euler angle rotations (viz.,
�P about the Yb axis and �Y and �R, respectively, about the instan-
taneous orientations of the Zb and Xb axes) to simulate the pitching,
yawing, and rolling motions. Letting z0 be the coordinate of the
generic point C on the shaft along the Z0 axis, and letting x

b
b, y

b
b, and

zbb be the components of �R along the OXb, OYb, and OZb,
respectively, z0 can be expressed as in

z0�x� � ��xbb � x��sin�P cos�Y� � �ybb � v��cos�P sin �R
� sin�P sin�Y cos �R� � �zbb � w��cos�P cos �R
� sin�P sin�Y sin �R� (12)

Potential energy due to gravity of a disc at point C is given by

U D �mDgz0�xD� (13)

where z0�xD� is the value of z0 evaluated at x� xD.
Following Lagrange’s principle, the equation of motion (14) for a

disc element is obtained using Eqs. (11) and (13):

�M�Df �qgD � f� _���b
Xb
��G�D � 2�b

Xb
�C�Dgf _qgD

� f� ��� _�
b
Xb
��H�D � _�

b
Xb
�C�DgfqgD � f�b2

Xb
�M�D

��b2

Zb
�Kp11�D ��b2

Yb
�Kp22�D ��b

Yb
�b
Zb
�Kp12�DgfqgD

��� _�b
Zb
��b

Xb
�b
Yb
�fS2YgD � � _�b

Yb
��b

Xb
�b
Zb
�fS2PgD

� � _���b
Xb
�f�b

Zb
fS1PgD ��b

Yb
fS1YgDg � � _VbYb � VbXb�

b
Zb

� VbZb�
b
Xb
�fS1gD � � _VbZb � VbXb�

b
Yb
� VbYb�

b
Xb
�fS2gD

� g�cos�P sin �R � sin�P sin�Y cos �R�fS1gD
� g�cos�P cos �R � sin�P sin�Y sin �R�fS2gD � fQgD (14)

The expressions and implications of the different matrices (e.g.,
inertia, gyroscopic, Coriolis, and parametric stiffness matrices) and
vectors are given in the Appendix.

C. Equation of Motion for a Shaft Finite Element

The kinetic energy of a differential portion of the shaft element,
which is an infinitesimally thin disc of thickness dx, is given by

dT e
S � 1

2
mf _u2a�x� � _v2a�x� � _w2

a�x�gdx� 1
2
fip!2

XS
�x�

� id!2
YS
�x� � id!2

ZS
�x�gdx (15)

wherem is the mass, and id and ip are the transverse and polar mass
moments of inertia per unit length of the shaft element. By substitut-
ing different components of translational and rotational velocities,
neglecting the exponent of the slopesmore than two (as the slopes are
supposed to bevery small), and integratingEq. (15) over the length of
an element l, the expression of the kinetic energy is obtained as

T e
S �

1

2

Z
l

0

�m� _v2 � _w2� � id� _B2 � _�2�� dx

� � _���b
Xb
�
Z
l

0

ip _�Bdx��b
Xb

Z
l

0

�m� _vw � v _w�

� id� _B�� B_�� �dx� 1

2
�b2

Xb

Z
l

0

�m�v2 �w2�

� id�B2 � �2�� dx� 1

2
�b2

Zb

Z
l

0

�mv2 � ipB2� dx

� 1

2
�b2
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0

ip��b
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��b
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l

0

�id��b2
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Zb
� � ip� _���b
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� 1

2

Z
l

0

m�Vb2Xb � V
b2

Yb
� Vb2Zb � 2x�VbYb�

b
Zb
� VbZb�

b
Yb
�

� x2��b2
Yb
��b2

Zb
�� dx (16)

Strain energy due to bending VeS and the Rayleigh dissipation
functionDe

S due to theviscous formof internalmaterial damping [25]
for the shaft element are written as

V e
S �

1

2

Z
l

0

EI�B02 � �02� dx (17)

D e
S �

1

2
�v

Z
l

0

EIf� _�0 � _�B0�2 � � _B0 � _��0�2g dx (18)

where E and �v are, respectively, the Young’s modulus and the
coefficient of viscous form of internal damping of the shaft material.
I is the area moment of inertia of the shaft cross section about the
neutral axis.

FollowingEqs. (12) and (13), the potential energy due to gravity of
the shaft element is given by

U e
S �

Z
l

0

mgz0�x� dx (19)
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Using the finite element interpolation functions [Eqs. (4) and (5)]
and the expressions of the kinetic energy, strain energy, and dissi-
pation functions, as well as the potential energy due to gravity
[Eqs. (16–19)], the equations of motion are obtained from
Lagrange’s principle and are given in Eq. (20):

�M�eSf �qgeS � f� _���b
Xb
��G�eS � 2�b

Xb
�C�eSgf _qgeS � f� ��� _�

b
Xb
��H�eS

� _�
b
Xb
�C�eSgfqgeS � f�b2

Xb
�M�eS ��b2

Zb
�Kp11�eS ��b2

Yb
�Kp22�eS

��b
Yb
�b
Zb
�Kp12�eSgfqgeS � �v�KB�eSf _qgeS � f�KB�eS

� �v _��KC�eSgfqgeS ��� _�
b
Zb ��b

Xb
�b
Yb
�fS2YgeS

� � _�b
Yb
��b

Xb
�b
Zb
�fS2PgeS � � _���b

Xb
���b

Zb
fS1PgeS

��b
Yb
fS1YgeS� � � _VbYb � VbXb�

b
Zb
� VbZb�

b
Xb
�fS1geS

� � _VbZb � VbXb�
b
Yb
� VbYb�

b
Xb
�fS2geS � g�cos�P sin �R

� sin�P sin�Y cos �R�fS1geS � g�cos�P cos �R
� sin�P sin�Y sin �R�fS2geS � fQgeS (20)

A detailed description of the different matrices (e.g. inertia, gyro-
scopic effect, Coriolis component, bending stiffness, circulatory, and
parametric stiffness matrices) and vectors are given in the Appendix.

D. Equations of Motion for Concentrated Mass Unbalance

Associated with a Disc

The mass unbalance associated with a disc is considered as a
concentratedmassmU at a point with the eccentricity e and the initial
phase angle �U. Kinetic energy of the unbalanced mass is written as

T u �
1

2
mUef �VU � �VUg (21)

The components of absolute velocity �VU of the unbalanced mass are
given in the Appendix. Applying Lagrange’s principle, the equations
of motion of the unbalanced mass along the OYb and OZb axes are
obtained as given in

�mUe�f� _���b
Xb
�2 ��b2

Zb
g cos� _�t� �U�

� � ��� _�
b
Xb
��b

Yb
�b
Zb
� sin� _�t� �U�� � 0

�mUe�f� _���b
Xb
�2 ��b2

Yb
g sin� _�t� �U�

� � ��� _�
b
Xb
��b

Yb
�b
Zb
� cos� _�t� �U�� � 0 (22)

E. Contribution of the Bearings

For nonflexible bearings, the displacement boundary conditions,
given by Eq. (23), are imposed on the assembled finite element
equation of the rotor-shaft-bearing system:

vbrg � wbrg � 0 (23)

where the subscript brg stands for the displacement components of
the shaft at the bearing node relative to the base.

The expression of force applied on the rotor due to the bearing
flexibility is given as

fQgbrg ���D�brgf _qg � �K�brgfqg (24)

where fqg is the n 	 1 assembled global degrees-of-freedom vector
for the rotor-shaft-bearing system, conforming to the connectivity of
the finite elements, where n is the total number of degrees of freedom
of the system, and �D�brg and �K�brg are two properly augmented
sparsematrices, to take into account the damping and stiffness effects
contributed by the bearings.

F. Assembled Equation for the Uncontrolled Rotor Shaft System

Equations of motion for the finite element model of the rotor-
shaft-bearing system are obtained after appropriately assembling
Eqs. (14), (20), and (22) for the individual discs and the shaft
elements, as well as the mass unbalance as given in

�M�f �qg � �D�f _qg � �K�fqg � ffg (25)

In the previous equation, �M� is the assembled inertia matrix, �D� is
the assembled matrix (including the gyroscopic matrix, the matrix to
account for the Coriolis component of the acceleration, the damping
matrix, etc.) coefficient to the global velocity vector, and �K� is the
assembled matrix (including the bending stiffness matrix, the circu-
latory matrix, the parametric stiffness matrices due to base motion,
and the bearing stiffness matrix) coefficient to the global displace-
ment vector. The global load vector ffg contains the effects of mass
unbalance, inertia force due to base motion, and force due to gravity.
It is to be noted that both the matrices �K� and �D� have time-
dependent terms originating due to the base motion.

G. External Control Force from the Actuator

and the Control Strategy

An electromagnetic actuator consisting of four electromagnetic
exciters having two poles each, as shown in Fig. 3, is considered. For
the arrangement of the electromagnets shown, it is possible to
decouple the electromagnetic actuation force components along the
Y andZ directions [26]. The actuator is placed on the stator, as shown
in Fig. 1, at a suitable location along the span of the rotor, avoiding
the disc and the bearing positions for convenience. Nighil et al. [19]
has given details of obtaining the control force and proposed its use
for controlling the steady synchronous rotor response under the sole
influence of mass unbalance.

In short, following [19], the electromagnetic actuator may be
modeled to have a stiffness of (kgkikp � kS) and a damping coeffi-
cient of (kgkikv). The control force applied at the actuator node may
be expressed as in Eq. (26); the corresponding expressions of the
control currents [based on the proportional-plus-derivative (PD)
control law applied to the displacement of the rotor section at the
actuator node, as shown in the block diagram of Fig. 4) are given in
Eq. (27):

FY ���kgkikp � kS�v � kgkikv _v
FZ ���kgkikp � kS�w � kgkikv _w (26)

icY ��kgfkpv� kv _vg; icY ��kgfkpw� kv _wg (27)

In Eq. (26), ki and kS signify the force-current factor and force-
displacement factor given by

ki � 4kmag

i0
g20

; kS ��4kmag

i20
g30

(28)

where kmag � ���0ApN
2�=4� cos��� is the magnetic exciter constant,

in whichAp is the area of each pole face,N is the number of coil turns
associated with a pair of poles, � is the semi-included angle between
the adjacent poles (which is 22.5 deg for the setup shown in Fig. 3),
and �0 is the magnetic permeability of the free air. The terms i0 and
g0 denote the bias current in the exciter coils and the nominal air gap

Fig. 3 Electromagnetic actuator a) stator configuration and b) ar-

rangement of coils and poles.
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between the pole face and the rotor surface, respectively. In Eqs. (26)
and (27) kg, kp, and kv are the power amplifier gain (in A=V), the
displacement feedback gain (V=m), and the velocity feedback gain
(V � s=m), as shown schematically in Fig. 4.

In terms of the global degrees of freedom, the force applied by the
actuator is written as in Eq. (29), in which fqg and f _qg are, respec-
tively, the global displacement and velocity vectors, and �K�ac and
�D�ac are two sparse matrices (the actuator stiffness and damping
matrices, respectively) having nonzero stiffness and damping entries
in rows and columns corresponding to the actuator node only:

fQgC ���K�acfqg � �D�acf _qg (29)

Incorporating the expression of the control force from the actuator
into the system equations of motion (25), the equations of motion of
the controlled system are written as

�M�f �qg � f�D� � �D�acgf _qg � f�K� � �K�acgfqg � ffg (30)

III. Results and Discussion

Numerical simulations are performed to show the effect of vehicle
maneuver on rotor response and its attenuation by using the electro-
magnetic actuator. A similar rotor shaft system used by Duchemin
et al. [15] is considered for this purpose, with the data shown in
Table 1. It is supposed that the rotor is mounted on an aircraft, such
that the rotor axis is parallel to that of the aircraft fuselage (i.e., the
axisXb of the frameFb). The center of mass of the aircraftG, as well
as the left support point of the rotor, which is the origin of the
coordinate system (Xb–Yb–Zb), is located in the same (Xb–Yb) plane,
and the origin is located 10 m away to the left side and 5 m ahead of
the aircraft center of mass (i.e., Gx

b � 5 m, Gy
b � 10 m, and

Gz
b � 0, as shown in Fig. 1). The bearings at the ends are considered

rigid, and the presence of themass unbalance is neglected to study the
rotor motion due only to the inertia force generated by the aircraft
motion. The rotor shaft system is discretized with four equal two-
noded Rayleigh beam finite elements, with the disc being located at
node 4 of the shaft. For the control action, the electromagnetic
actuator is placed at node 3 (the midpoint of the shaft), and the
parameters for the actuator and the control circuit are as follows:
N � 1000, Ap � 3 cm2, g0 � 2:5 mm, i0 � 5 A, kg � 0:8 A=V,
kp � 10 V=m, and kv � 2 V � s=m.

The Campbell diagram for the uncontrolled rotor, when the
aircraft is either stationary or flying at a level with a constant velocity,
is shown in Fig. 5. For this condition, critical speed of the rotor-shaft-
bearing system is seen to be 2300 rpm.

Two different cases of maneuver are considered for the present
study: case 1) a combined yawing and rolling motion, and case 2) a
pitching motion. The motion in case 1 occurs when an aircraft nego-
tiates a turn along a horizontal circular arc with a constant forward
speed, causing the yawing motion, and at the same time rolls about
the fuselage axis to provide the angle of banking. The motion in
case 2 occurs when an aircraft dives in a vertical planewith a constant
horizontal component of velocity.

A. Case 1

Let the aircraft negotiate a turn of radius of curvature of ��
1800 mwith a constant forward speedV as its nosemoves toward the
right. The angle of banking during this maneuver is provided by the
rolling of the aircraft about its axis, so that the left wing tip goes
upward and the right wing tip goes downward. For a smooth flight, it
is assumed that in the first phase (i.e., in the first 1 s), the aircraft turns
as it rolls sinusoidally from �R � 0 deg to a maximum of �RjMax

(which is chosen as equal to 20 deg or �=9 rad, unless otherwise
stated), and in the next 1 s (the second phase), the aircraft rolls back
(in the opposite sense) sinusoidally to achieve its initial horizontal
configuration to continue flying at the same speed along the direction
attained at the end of the first phase. The angle of roll �R and the roll
rate _�R are given by the following time functions:

�R�t� � ��RjMax� sin
�
�t

2

�
(31a)

and

Fig. 4 Block diagram representation of the control strategy adopted by the electromagnetic actuator.

Fig. 5 Campbell diagram for the uncontrolled rotor-shaft-bearing

system.

Table 1 Parameters of the rotor shaft system

Parameters Values

Shaft length 0.4 m
Shaft radius 5 mm
Young’s modulus of the shaft material 205.1 GPa
Density of both the shaft and the disc material 7800 kg=m3

Disc radius 0.1 m
Disc thickness 10 mm
Location of the disc from the left end 0.3 m
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_� R�t� �
�

2
��RjMax� cos

�
�t

2

�
(31b)

The yawing rate is given by

_� Y ��
V

�
(32)

The components of the velocity of the origin ofFb and the angular
velocity components are given by Eqs. (33) and (34), respectively:

VbXb � V � _�YfGzb sin��R� � Gy
b cos��R�g

VbYb � _�YGx
b cos��R� � _�RGz

b

VbZb �� _�YGx
b sin��R� � _�RGy

b

9>>=
>>; (33)

�b
Xb
� _�R; �b

Yb
� _�Y sin��R�; �b

Zb
� _�Y cos��R� (34)

Figure 6 shows the uncontrolled response components of the
midpoint of the rotor shaft, relative to the base, over a time span of 4 s
after the maneuver starts at t� 0 s and completes at t� 2 s, as the
aircraft moves with a speed of V � 200 m=s (720 km=hr) and
�RjMax � 20 deg. The internal material damping is not considered in
this case, as the rotor runs at 2000 rpm, which is well below the first
critical speed indicated earlier. The resulting response amplitude is
about 1 mm, and the individual components have contributions of
harmonics of more than one frequency. Even after the maneuver
stops after 2 s, the vibration does not die out owing to the lack of
external damping in the system. The effect of the control action is
visible from Fig. 7. With the same operating conditions, the con-
trolled response amplitude is below 0.1 mm, thus yielding about a
90% reduction in the response. Also, the transient vibrations are
quenched very quickly after the maneuver is complete.

Figures 8 and 9 show the effect of forward speed V on the uncon-
trolled and controlled rotor responses, respectively. For this purpose,
simulation was performed for three different values of V (viz., 200,
80, and 320 m=s, respectively). A higher value of V increases the
response amplitude, and a larger control force is required to achieve
the same level of reduction.

Figure 10 shows the effect of maximum roll amplitude �RjMax on
the controlled rotor response. Because the angle of rolling, and hence
the rate of rolling, varies sinusoidally over time, increasing (or
decreasing) �RjMax increases (or decreases) the roll rate at any instant
of time. Three different values of �RjMax (namely 10, 20, and 25 deg)
are chosen to study the effect of roll amplitude and the different roll
rates on the controller performance shown by the ability of the
controller to stabilize and attenuate the rotor response duringmaneu-
ver. The largest value of �RjMax has been chosen to be 25 deg, keeping
the passenger carriers in mind. It is observed that the higher the value

Fig. 6 Uncontrolled response during negotiation of a turn with the

rotor spinning at 2000 rpm (without internal damping).

Fig. 7 Controlled response during negotiation of a turn with the rotor

spinning at 2000 rpm (without internal damping).

Fig. 8 Effect of aircraft forward speed on uncontrolled response

during negotiation of a turnwith the rotor spinning at 2000 rpm (without
internal damping): V � 200 m=s (long-dashed line); V � 80 m=s (solid
line); and V � 320 m=s (short-dashed line).

Fig. 9 Effect of aircraft forward speed on controlled response during
negotiation of a turn with the rotor spinning at 2000 rpm (without

internal damping): V � 200 m=s (long-dashed line); V � 80 m=s (solid
line); and V � 320 m=s (short-dashed line).
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Fig. 10 Effect of roll amplitude of the aircraft on controlled response

during negotiation of a turnwith the rotor spinning at 2000 rpm (without
internal damping): �RjMax � 10 deg (solid line); �RjMax � 20 deg
(long-dashed line); and �RjMax � 25 deg (short-dashed line).

Fig. 11 Uncontrolled response during negotiation of a turn with the

rotor spinning at 5000 rpm (with internal damping).

Fig. 12 Controlled response during negotiation of a turn with the rotor

spinning at 5000 rpm (with internal damping).

Fig. 13 Temporal variation of the control current during negotiation of

a turn with the rotor spinning at 5000 rpm (with internal damping).
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Fig. 14 Temporal variations of the L2 norm of the nodal displacements

of the rotor shaft system during negotiation of a turn, while the rotor is
spinning at 2000 rpm, with mass unbalance at the disc (without internal

damping): uncontrolled system (dashed line); and controlled system

(solid line).
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of �RjMax, the higher the transient response; however, the increment is
marginal, and the controlled response settles down to the steady state
(the settling time being the same, irrespective of the value of �RjMax).
So that the controller is found to be quite efficient in controlling the
transient vibrations due to the different roll rates and roll amplitudes.
However, the controller applies a larger force of actuation, needed to
achieve the same level of reduction for a larger �RjMax; this is the
advantage of having an active controller.

Figures 11 and 12 show the uncontrolled and controlled response
components of the midpoint of the shaft when the rotor spins at
5000 rpm and the aircraft moves at a speed of 200 m=s. Because the
spin speed is above critical, the role of the internal material damping
of the shaft becomes important. It is seen from Fig. 11 that the
response components increase monotonically and indefinitely with
time. In this case, the coefficient of the viscous form of internal
damping is considered as �v � 0:0002 s (after [25]). With the intro-
duction of control action (as seen in Fig. 12), the response compo-
nents are not only stabilized well, but the amplitude is reduced below
0.1 mm also. This achievement is due to two facts: 1) the stiffness
effect employed through the control action increases the critical
speed of the system and postpones the threshold of instability; and 2)
the external stationary damping provided by the actuator limits the
response further. The cost of control in terms of the control current

components (icY and icZ) are shown in Fig. 13. The control action and
the use of linearized control force about the operating point are
justified, as the maximum control current is less than 0.05 A (1% of
the bias current i0).

Figure 14 shows the time variation of the Euclidean norm (L2

norm) of the nodal displacements of the rotor shaft system under-
going vibration by inertial and parametric excitation caused by the
vehicle maneuver, as well as the unbalanced excitation generated by

the rotor spin. The disc is assumed to have a mass unbalance of
0:2 	 10�3 kg �m. As expected, there is a noticeable decrease in the
level of the L2 norm when the control force is applied. It is also
observed that, due to the presence of unbalanced excitation in addi-
tion to inertial as well as parametric excitations, there is a persistent
oscillation after the system has reached the steady state, but the level
of such vibration amplitude under the control action is much less
when compared with that of an uncontrolled rotor.

Figure 15 shows the comparison of the temporal variation of the
relative difference in the L2 norm of the nodal displacements for the
controlled rotor-bearing system by increasing in steps the number of
elements (from 4 to 8, and then from 8 to 12 elements) to discretize
the rotor shaft continuum. This figure is plotted to investigate the
possibility of a spillover of control energy into the unmodeledmodes,
a problem that may appear whenever an attempt is made to control a
continuous system (truly having infinite degrees of freedom)with the
help of a finite number of actuators working on the feedback signal
measured by a finite number of sensors. The number of elements is
increased in steps to include a few higher modes (previously
unaccounted for when fewer elements are used) in the model and, in
this process, get an idea about the possibility of spillover from the
relative difference in the L2 norm. The relative difference in the L2

norm denoted by iej and is defined as follows:

iej �
L2 norm with j no. of finite elements � L2 norm with i no. of finite elements

L2 norm with i no. of finite elements

For example, with 12 finite elements, the number of pairs of
complex conjugate vibration modes included in the model is 48, as
opposed to 16 if four elements are used. It is observed from Fig. 15
that 8e12 < 4e8. Noting that the L2 norm computed over the shaft
nodal displacements serves as an indicator of energy content of the
vibrating rotor shaft, Fig. 15 signifies that it becomes increasingly
difficult to excite the higher modes or, in other words, the higher
modes have a lesser influence on determining the actual vibration
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Fig. 16 Comparison of the temporal variation of the control current during the negotiation of a turn while the rotor is spinning at 2000 rpm (without

internal damping).
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levels. This results in a fall of the relative difference in theL2 norm as
the number of elements is increased. The comparison of the relative
L2 norm thus proves that there is hardly any possibility of spillover in
this case. A similar conclusion was also drawn by Meirovitch and
Baruh [27]. For the present problem, a good amount of external
damping is applied on the vibrating rotor shaft system through the
electromagnetic actuator, using the PD control strategy. Therefore, in
practice, dampingwill bemuch larger for higher (unmodeled) modes
than lower ones, and so the higher modes are not likely to be excited
easily.

As a further check, the control current (which also depicts the
amount of control effort spent) is plotted in Fig. 16, for which 4 and
12 elements are used to discretize the rotor continuum.A comparison
of control currents shows hardly any difference as the number of
elements is increased.

Therefore, a check of the relative difference in theL2 norm and the
control current with an increased number of elements may be
followed as a guideline to check the robustness of the controller
under general conditions.

B. Case 2

The aircraft is considered to dive in a vertical plane through a
heightH along a path approximated by a negative half of a sine curve
defined by the coordinate of the aircraft center of mass along theOZ0

axis (zG0 ). Equation (35) defines the path as a function of time t:

zG0 �t� �H sin

�
2�VGX0

t

�

�
(35)

where the constant horizontal velocity component (VGX0
) of the center

of mass of the aircraft is assumed to be 200 m=s, and �� 850 m is
twice the length of the path over which the aircraft dives. The total
duration of the maneuver is assumed to be t� 2 s. During this
maneuver, no rolling, yawing, or side slipping takes place. The angle
of pitching �P is defined by following time functions:

tan�P �
VGZ0
VGX0

� 2�H

�
cos

�
2�VGX0

t

�

�
(36)

The components of the velocity of the origin of Fb are given by

VbXb � V
G
X0
sec��P� � Gz

b _�P
VbXb � 0

VbXb ��Gx
b _�P

9=
; (37)

�b
Xb
� 0; �b

Yb
� _�P; �b

Zb
� 0 (38)

Figure 17 shows the uncontrolled response components of the
rotor at its midpoint, over 2 s when the rotor spins at 2000 rpm, and
the depth of diveH is taken as 50 m. The uncontrolled response has
different harmonic components, as in the previous case, and the
response amplitude is about 0.5 mm. The effect of control is obvious
from Fig. 18. The transient part of the vibration diminishes very fast,
and the response amplitude becomes negligibly small along the Yb
direction and 
 0:05 mm along the Zb direction. The nonzero
response along theZb direction is due to the static weight of the rotor.

Figures 19 and 20 show the uncontrolled and controlled response
components, respectively, for different values ofH. With an increase
inH, the uncontrolled response apparently decreases, but in the case
of controlled response, the sag along the vertical direction reaches a
maximum when the aircraft is at the lowest point of its course,
and then again decreases to the residual sag. The maximum sag is
higher for higher values of H, but the residual sag is more for
lower H. However, for controlled response, this sag is negligible
(�10%) when compared with the uncontrolled response amplitude
(�0:5 mm), and this justifies the control action.

Fig. 17 Uncontrolled response during diving in a sine curve with the

rotor spinning at 2000 rpm (without internal damping).

Fig. 19 Effect of the depth of dive on the uncontrolled response during
diving in a sine curve with the rotor spinning at 2000 rpm (without

internal damping): H� 50 m (short-dashed line); H � 200 m (long-

dashed line); and H� 400 m (solid line).

Fig. 18 Controlled response during diving in a sine curvewith the rotor

spinning at 2000 rpm (without internal damping).
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IV. Conclusions

From the previous discussions, it may be concluded that:
1) A flexible rotor shaft system is subjected to considerable

transverse vibration under the effect of inertia force due to vehicle
maneuvers like rolling, pitching, yawing, or any combination
thereof, and one electromagnetic actuator with the PD control strat-
egy on the rotor displacement at the actuator location is found very
efficient to improve stability and to control the resulting rotor
vibrations.

2) In a maneuvering aircraft, the transverse rotor response
increases with the aircraft speed during both turning and diving, and
with themaximumdepth of diving. The controller is efficient enough
to control the rotor vibration after the maneuver stops.

3) The controller enables the rotor operation in the supercritical
speed regime, with respect to the uncontrolled situation of the rotor,
by improving the stability limit of the spin speed of the rotor shaft
system due to the internal material damping of the rotor shaft.

4) The relative difference in the L2 norm and the control current
may be checkedwith the increased number of elements as a guideline
to test the possibility of a spillover and also the robustness of the
controller under general conditions. Decreasing values of the relative
difference in the L2 norm, as well as the unchanged control current,
signify the absence of spillover.

Appendix: Angular Velocity Components of the Frame
Fs and Different Matrices

Components of angular velocity of the frame FS:

!XS � � _� � _� sin B� ��b
Xb
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Fig. 20 Effect of the depth of dive on the controlled response during

diving in a sine curve with the rotor spinning at 2000 rpm (without

internal damping): H � 50 m (short-dashed line); H� 200 m (long-
dashed line); and H � 400 m (solid line).
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Different matrices for a disc:
Inertia matrix:
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The symbol
P

stands for the assembly of finite element matrices and
vectors after the appropriate globalization method is followed.
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